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Abstract. Consider the mean field equation with parameter A = Stt in a 
bounded smooth domain Q. Denote by EgT^i^) the infimum of the associated 
functional Istt{^)- We prove that if |Q| = w, then Egyri^) > i?87r(Si) and 
equality holds if and only if O is a ball. We also give a sufficient condition for 
the existence of a minimizer for 78^(0). 



1. Introduction 

Let r2 C R^ be a bounded domain with smooth boundary. Consider the following 
Mean Field equation 



(1.1) 




in Q, 



where A — + and A is a real parameter. Equation (|1.1[) appears naturally 

in many physical problems. For example in [2] and [3j, it has been derived from 
the mean field limit of the Gibbs measure associated to a system of N vortices. It 
also arises in the study of the Chern-Simons-Higgs model of supcrconductivity(see 
for example [8]). To study the existence of solutions to eqaution (jl.ip . we may use 
the variational approach. We consider the associated nonlinear functional Ix: 

A(..0).±/jV.f-,„(±/_e. 

for u G i/o(f^), and denote 

Exin)= inf hiu,Q). 
ueH,;(o) 

A well known fact is that Ix (u) is bounded below if and only if A < Stt. In particular, 
when A < Stt Moser-Trudinger inequality [12' implies that the infimum of I\{u, 51) is 
always attained. However, in the critical case A ~ Stt, the existence of a minimizer 
of Istt is a very difficult problem and depends on the geometry of fi. When il is a 
ball, the infimum of /stt is never attained (see for example [2], [1]). Yet, when is 
thin, the infimum of IgT^{fl) can be achieved(see for example Proposition [1]) . For 
general domains, there are only a few results about the esitence of a minimizer of 
Istt{^)- For example, Chang, Chen and Lin proved that the set of domains 57 on 
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which the infimum of /stt is attained is open in the topology(^). In this paper 
we study the functional Ix in the critical case A = Stt and obtain the following 

Theorem 1. Suppose that = \Bi\ = tt, where \Q\ is the area of and Bi is 
the unit ball in H? . Then 

and the equality holds if and only if Q — Bi. 

If we view the infimum Eg,^(fl) as a Liouville type energy of the domain, then 
Theorem [T] says that we can use this energy to distinguish the unit ball from other 
domains with the same area, since the unit ball has the lowest energy among these 
domains. It is interesting to compare these with the Yamabe problem. Let (M, go) 
be a Riemannian manifold of dimension n > 2. The Yamabe problem is to find a 
metric g conformal to go such that (M, g) has constant scalar curvature R. If we 
write g = u''~^go with q = 2n/{n — 2), then u satisfies the Yamabe equation: 

where Lg„ is the conformal Laplacian. The associated variational problem is 



(1.2) fi{M,go) = M\ {a,,\du\' + Ru')dVg,: |u| Wg„ = 1 
where a„ — 4(n — l)/(?^ — 2). Denote the scalar curvature of g by Rg, we have 



KM, go) = inf 



iM^adVg 



gelga] JudYg 

where [go] is the conformal class of go- The solution to the famous Yamabe problem 
can be summarized as the following theorem: 

Theorem 2. ( Yamabe, Trudinger and Aubin) Let {M,go) be a compact Riemann- 
ian manifold of dimension n > 2. Then fJ.{M) < /i(S'"), where S™ is the sphere 
with the standard metric. If fi{M) < /l((5'"), the infimum of is attained by a 
positive C°° solution to the Yamabe equation. 

Based on the work of Yamabe and Trudinger, Aubin and Schoen [13] completed 
the solution of the Yamabe problem by proving that ^i[M,go) < t^iS") unless 
M is conformally equivalent to the standard sphere. This indicates that we can 
use /z(M, go) to distinguish the standard sphere from other compact manifolds in 
conformal sense. We are certainly wondering whether E{^}) plays a similar role in 
the mean field equation as ii{M,go) in the Yamabe problem. Note that if /i(M) < 
/Lt(S'"), then the infimum of (|1.2p is attained by a positive solution to the 
Yamabe equation. It is interesting to consider, for a bounded smooth domain 
VI C satisfying \U\ — tt and EsTr{^) > EsTr{Bi), when the infimum of is 
attained by a smooth solution to the mean field equation. Chang, Chen and Lin 
[5] gave an example of a dumbell fi/j which consists of two disjount balls B{ri) and 
B(r2) connected with a tube of small width /i > 0. They proved that when ri < r2 
and h is sufficiently small, the infimum of I{-,^h) is not attained(see Proposition 
7.3 in [S]). Therefore in order that the infimum of /(•, il) is attained, we must add 
more conditions on the domain fi. For example, we could require that is thin. 

Proposition 1. Suppose |f2| = tt and 17 can be covered by a strip with width 
d < 2^ = 0.9527..., then the infimum of Is-„-{u,n) can be achieved by a function 
inHl{n). 
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The paper is organized as follows. In section 2, we study the regular part 7(f2) 
of the Green's function of il. The property of 7(ri) will be used in the proof of 
Theorem [T] In section 3 we derive some standard estimates for Eg,Tr(fl). Theorem 
[T] then follows from these estimates. The existence result Proposition [1] is proved 
in Section 4. 

We will suppress the subscript "Stt" if no confusion would result. 



2. Regular Part of the Green's Function 
Denote by G{x,y) the Green's function of fl: 

\ -A.j;G{x,y) ^ Sy{x), in ft, 
\ G(-,2/)|an = 0. 

Let 

7(x, y) = G{x, y)- — \n- r , 

27r \x~y\ 

be the regular part of G, and set ^(x) = ^{x,x), 7(r2) — sup^gQ(7(a;)). Then we 
have the following Lemma. 

Lemma 1. Suppose $7 C is an bounded domain with \VL\ = n. Then < 0, 
and equality holds if and only if Vl = Bi , the unit hall in . 

Proof. For any xo G f2, 

G(xo, y) = log - — ^- — : + 7(a;o) + 0{\xo - y\), as y ^ xq. 
2n \xo-y\ 

Therefore for any e > 0, there exists p > 0, s.t. 

< e whenever |y — a;o| < p. 



G{xq, y)- log I — - — r - j{xo) 
2n \xo - y\ 



It follows that when r is sufficiently large, 

(2.1) B^„{e-^''^^-^^'=°^+''>) cilrC Bxo(e"^''^''~''^'="^~'^), 

where fir = {G{xo, y) > t} and Bxo{r) is the ball in R^ with radius r and centered 
at xq. 

Let G*{y) : B{\) ^ R be the rearrangement of G{xq, y) and let 



Then (gT]) implies 

(2.2) g-2^(r-7(xo)+e) < ^(^) < ^-27r(T-^(xa)-e) _ 

Define a function 0(i) : [0,oo) — > R by 



\^yG{xo,y)VdVy- \^G*{y)\'dVy. 
Jn\nt J B{i)\B{p{t)) 

From the properties of rearrangement, it is easy to see that (/)(t) is increasing, 
cj){t) > 0, G*iy)\oB{pit)) = t and G*(2/)|aB(i) = 0. It follows that 

\VG*iy)\'dVy > [ \VGo{y)\'dVy, 

B(l)\B(p(t)) J B(l)\B(p(t)) 
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where Go{y) — tlog(|?/|)/log(p(t)). Therefore usmg (12. 2p . for sufficiently large t, 

(2.3) cbit)^[ \VyGixo,y)fdVy- [ \VG*iy)fdVy 
Jn\nt J B(i)\B(p(t)) 



< 



[ S/yG{xo,y) ■ VyGixo,y)dVy - [ 
Jn\nt Jb(i 



\S/Go{y)\'dVy 

)\B(p(t)) 



9n log p{t) 



<t - 1 r^— - (e - 7(^0)) 



t-j{xo)+e t-j{xo) + £' 

Since (/)(t) > and e is arbitraty, we obtain that 7(^0) < 0. Hence 7(^2) < 0. 
Furthermore, if 7(r2) = 0, it follows from the continuity of 7(2;) that there exists xq, 
s.t. 7(10) = 0. Then (|2.3p implies ^(i) < e. Since (j){t) is increasing, (j){t) > and e 
is arbitrary, we have (f)(t) — 0, for all t > 0. From the properties of rearrangement, 
we have ft = B{1). □ 

Remark 1. The proof of Lemma[^ can be easily extended to higher dimensions. 
Let f2 C R", 71 > 2 and let Gn{x, y) he the the solution of the following differential 
equation: 

{—/S.nu{x) = Sy{x), in fl, 
u\on = 0, 

where Anu(x) =^ V(|Vu(a;)|""'^VM(x)) is the n—Laplacian. We may consider as in 
the case n — 2 the regular part: 

^ 1 

7„(a;, y) = G„(x, y) - uj,^!^ In 



\x-y\' 



where lo^-i is the volume of the (n — 1) -dimensional sphere. Set 7n(2;) = 7„(a;,a;), 
and 7(^2) = supj.gQ(7(a;)). Then we have the following Lemma. 

Lemma 2. Suppose C R" is an bounded domain with \ fl\ — \Bi\, where the 
unit ball in R". Then 7„(r2) < 0, and equality holds if and only if ft — i?". 



3. Estimates of E{n) 

In this section, we always assume that fl C R^ is a bounded domain with smooth 
boundary and \ fl\ — n. We have the following estimates for EsTrift): 

Proposition 2. 

£;8.(^^) < -l-4^7(^^)• 

Proposition 3. Lf the infimum of Ig-^{-^fl) is not attained, then 

EsA^) > -l-4^7(^^)• 

These two estimates are very standard. For example, Propostion [3] has been 
proved in [2]. For the sake of completeness, we shall reprove these two estimates 
using a different method. 
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Suppose G{x, y) is the Green's function of fi, and ^{x) is its regular part. We 
may assume that 7(0;) attains its maximum value at xq G fl. Without loss of 
generality, suppose xo =0. Let 

(3.1) G(x)=8TrG(x,0)=4:ln-^+A + a(x), 

\x\ 

where A = 87r7(0). For any A, e > 0, such that p = Ae < dist(0, dQ), we choose a 
test function 

r 21n^,^-C„ \x\<p 
Hx) = < Gix)~r]{x)a{x), p < \x\ < 2p 

[ Gix), \x\>2p 

where r]{x) is a G°° bump function: 



r]{x) 

satisfying jVr/(a;)| < 2/p, and 



1, \x\<p 
0, \x\ > 2p 



A2 

so that the function ^{x) G Hq{CI). It suffices to prove that 

7(^,0) <_1_|. 



First 
where 

, . ^ 1 
t = -J- — 2 and a = t{p) = . 

Therefore 

(3.2) f |V</.|2 = -lna-l + c7. 

loi" Jb(p) 

Second, since G{x) = — 41n|a;| +A + a{x), a{x) is a smooth function and a(0) = 0, 
we have when p is sufficiently small, 

Jn\Bip) JdB{p) dn \ p J JoBip) dn 

=32Trln- + 8n A + 0(p). 
P 

For > p, we have (l){x) = G{x) — r}{x)a{x). Therefore 

I V.^|2 = I VG - V(7?a)|2 = I VG|^ + 2VG • V(r?a) + | V(r?a)i^ 

Since a{x) is smooth and a(0) = 0, |VG| = |(1 + 0{p)) for 2p > \x\ > p, and 
|V(rya)| < C for any x. Hence, 

/ 2VG-V(7?a) + |V(r?a)|2 = / 2VG • V(r?a) + |V(r?a)|2 = 0(p), 

Jq\B{p) Jb{2p)\B{p) 
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which impUes 

(3.3) [ \\7(f>\^ ^32n In- +8Tr A + 0{p). 
Jn\B{p) P 

Combming p.2p and (|3.3p . we obtam 

(3.4) -i- / |V0|2 =-lna-l + a-21np+4 + 0(p). 
IGtt ./o 2 



Now we turn to the estimate of Jj 



B(p) JB(p) 



e^=exp(-C,) / (^^) 



1 



27re = / -T. ^dr = — — — 

Q e2 + r2 £2 



^2 ,y.2 

Since '/>(a;) > when p is small, we have 

(3.5) -In- / e"^ < -In- / e"^ = -A + 2 In e - In 

Sending A cx3 and using (|3.4p and (|3.5p we finally get 



7(0,17) / |V0p~lni / 



<-l-- = -l- 47r7(f]) 

This completes the proof of Proposition [51 

Next, we prove the opposite inequality, Proposition [3] We will use a similar 
argument given in [7]. Suppose the infimum of /(•, Vt) is not attained. For e > we 
define 

^'(") = T^ / |V^l'-(l-e)ln- / e", 

lOTT Jq_ TT 



and 



= inf r(u). 



Theorem 3. ([TT]) Let C he a hounded smooth domain, Vt* he the hall in 
which has the same area as 17, and denote 

Da,bm = {fix)-heH^{n) : f e^fdx^a}. 

We have the following sharp inequality: 

inf / |Vu;|2da;>47r(ln^^ + ^^-l), 

where r is the radius of Q* . 

It follows from the above sharp inequality that for any u G -ffo(il) 

(3.6) / e"dx < Treexp f — / iWul^dx] , 

which implies I'^{u) is bounded below by —1. 
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Lemma 3. E'^ is achieved by a function Ue £ HI{VL), which is the solution of the 
following equation 



(3.7) 



Ue\dn = 0, 



Proof. For fixed e > 0, let be a minimizing sequence of inf J"^. If follows from 
([3:6)) that 

^'K)=-^ / |V7.„p-(l-e)lni / e"" 

= (l-e)/K) + e / |Vu„|2 

>-(l-e) + e / |V?/„p. 
Jo 

Therefore ||Vu„||/,2 < C. Since it„|gsi = 0, using Poincare's inequality we obtain 
that ||Mn||i/i < C. Hence m„ ^ Ue in Hq{^) for some S i?Q(r2). It follows from 
Trudinger's inequality W^ that e'^"" — > e'^"' in L^(ri) for any fc > 0. Therefore 
is a minimizer and satisfies the Euler-Lagrange equation (|3.7p . □ 



It follows from standard elliptic estimates that Ue G C°"(f2). Suppose Ue attains 
its maximum at € and set Ag = ^^(xe) = max^gf2 u^{x). The following Lemma 
is immediate. 

Lemma 4. There exists a subsequence Ci —^ 0, such that 

lim Ae. = +00. 

i — >oo 

Proof. Suppose A^ is bounded above, A^ < C < +00, then 

e"- < C. 



Since < /'(O) = 0, we have iVwep < C. Hence there exists a subsequence 
of Ue which converge weakly to uq in 7?Q(f7). We can easily check that uq is a 
minimizer for which contradict with the assumption that the infimum of 

/(•,r2) is not attained. □ 

In the following, for simplicity, we shall not distinguish a subsequence {e.;} from 
the original {e}. 

Next, we claim that will stay away from dfl, which implies 

Xe — *■ a; £ as A — > 0. 

The claim can be proved by the moving plane method (see [S]) and an interior 
integral estimate(cf. page 163-164 in [10]). We shall omit the details here. Set 
= e^'/"^ and 

(1-^y/^ 

If cke stays bounded as e ^ 0, standard elliptic estimate of (|3.7p implies that Ue 
is uniformly bounded as e — > 0, which contradicts with the fact that Ue blows 
up(Lemma|4]). Therefore we have: 
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Lemma 5. 



lim ae — +00. 



Define 

(3.8) (j)e{x) — Ue{a'^^X + Xt) — 2hjT^. 

We can easily see that (p^ satisfies 

(3.9) I -A^^=8e^%-a 

where ft^ = ■ {fl — x^). We claim that for any R > 0, (pe is bounded in B{R) 
uniformly in e. In fact, let (pi^^ be the unique solution to 

f -A4^' =86"^% mB{2R) 
1 #^laB(2fl)=0. 

Since x^ is a maximum point of u^{x), we have i/),; < 0e(O) = and e'^" < 1. It 

follows that < C < +(». Let 0^^^ = (f>e - 4^^- Then 0^^^ < -^^^ < C. 

(2) 

Since 2C — > C is harmonic, positive and 

2C - 0(2) (0) = 2C7 - 0, (0) + 0(1) (0) < 3C, 

Harnack's inequality implies that ||2C — 0c < C in B{R). Hence ||0e||^oc.(fl) < 

C + C. Elliptic estimates yield that, up to a subsequence, 0e 0o in C^'°'{B{R/2)) 
for some a G (0,1) and 0o satisfies 

J -A0O = Se-^o, in 
j 0o(O) = O. 

Since e'^' — 87r(l — e), we get 

/ e-^" < hm hm / e-^^- < 87r(l - e) 

J^2 R^°^n^°^ J B(R) 

The uniqueness theorem in [6 implies that 



1 



(3.10) 0o(x)=21n.^^l^|2. 
The following Lemma is due to Brezis and Merle [T]: 

Lemma 6. Let D C be a hounded domain and u be a solution to the following 
equation, 

{—Am = /(a;), in D, 
u\0D = 0. 

If f E L^{D), then for any S E (0,47r), there is a constant C{6) such that 

exp((^^#^')<C(<5). 



D \ WJWl^d 
Using this lemma we have: 

Lemma 7. For any K CC r2\{a;}, there exists a constant C{K), such that u^{x) < 
C{K), for allxEK. 
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Proof. From p.7p and Lemma [6l we know that e"^' £ LP{^) for p £ (0, ^). For any 
given K CC il\ {a;}, we choose K' such that K CC K' CC 51 \ {x}. Since 0e — > (/>o 
in C^'" and Jj^a e"^" = tt, we obtain that 

(3.11) lim^^f^ = 0. 

Let Me^^ be the unique solution to 



(3.12) 



_Ay(i) ^ (i^^f^, in K', 



It foUows from (|3.1ip and Lemma [S] that e"-:^ G U'{K') for some p > 1. Since 
Me^^ := Me — Ue^' is harmonic in K' , Harnack's inequahty imphes that 

\\u^P\\L^iK')<C\\uf^\\LHK') 

<C{\\u,\\L,(K') + \We'^\\LnK')) 

< c. 

Therefore, for some p > 1 we have 

gP". ^ / eP«r' . eP«<'' < C / eP"'" < C 

K' Jk' Jk' 

It follows from the standard elliptic estimates of (|3.12p that ||ue^-'||ioo(^) < C, thus 

\\Ue\\L'^{K) <C. □ 

We may assume without loss of generality that x — Q. Since satisfies p.7p . it 
follows from Lemma [7] that G{x) in CI^'^{VL \ {i}), where G{x) was defined 

in (O). 



Lemma 8. For /ised R, let — R/a^. Then for any x £ Cl \ B{r^) 



u,{x) > G(a;) - Ae + 21n ( - / e"- ) + 2 In -^-^ - A + o,(l), 



where 0^(1) stands for some function that goes to as e — > 0. 

Proof. On dB{r^), G{x) and have the following asymptotic behavior: 

G{x) = -'^\nr, + A + o,{l), 



u^{x) = Ae + 21n / +Oe(l). 

1 + it^ 



Therefore on dB{rg), 



u,-G =X, + 21n-^ + 41n— - A + 0^(1) 

= -A,+21„(i/^.-.)+21.^-^ + „,(l). 



Let 

Ji'l n = _X . 4- 91n ( , ^ , , ^ixi 



(3.13) Ce = -Ae + 21n( - / e"^ ) +21n— 
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and consider the function Ue — G — De on n \ B{re). It satisfies 

J A(u, - G - Lie) < 0, in f7 \ B(r,) 

[ u,- G - D,>o,{l), ond{n\ B{r,)). 

Then the lemma fohows immediately form the maximum principle. □ 

Now we estimate I{uc). For fixed i?, let — R/a^ and choose 5 > r^, such that 
B{S) C n. Then 

/|VU,|2=(/ +/ +/ I |VU,|2 :=Ii+l2+l3. 

Jn \Jn\B(S) JS((5)\B(e) "'-B(e) / 



Since (f>, 0o in G^'°'{B{R/2)) ^JU^), we obtain that 



I3 = / iv^.p = / 

JBir,) J B\ 



V 21n 



1 ^ ' 



l + b|2 



From We G{x) in Cjq^(0 \ {0}), we know that 

Ii=/ |VweP=/ |VG|2 + o,(l) = - / G^+o,(l). 

Jn\B{S} Jn\B{5) JdB{5) on 

To estimate I2, we apply Lemma [S] 

JS((5)\B(r,) Jd{B{S)\B{r^)) Cn 



> / (-Aw,) •(G + A + 0,(1))+ / 

B(5)\B(r.) Ja(B(<5)\S(r.)) 

— G + —u, + / (w, - i?e)7^ + 0,(1). 

a(B(<5)\B(r,)) V cn an y JdiB{S)\B{r,)) cn 



It follows that 



du^ ^dG „ du^ dG q'^'^^ 
dn dn dn 



Jn\B{r,) JdB(S) \ cn dn 

- I f|^"e + |^K-G-Z?.))+0.(l) 

Since — > G(x) in G;^Q"(ri \ {0}), we can easily see that 

/■ du^ dG f.. f dG du, 

/ Me-H G—:^Oe(l), / Ue- G— — =0,(1), 

JdBi6) cn an dn dn 
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and on dB{re), 

G{x)^4ln-^+A + o,{l), 
\x\ 

dG 1 

TT = -4- + 0e 1 , 

an Tf 

u,{x)^K + 2\Ti / +Oe(l), 
1 + it^ 

It follows that 
and 

^(We"G-Z?,) = 0,(l). 

B(r,) Cn 
Since satisfies p.7p . we have 

— =/ Am, = / >-(l-e)87r. 

Combining the estimates for /i, /2 and /a, we finally have 

±-1 |V.,|^ >,n,l + flV jI;^ + ^(1 - 4 + + 0,(1) 



Hence 



>(l-.)|l„|i/^e-..)+l.,^-|)-^H-Ml) 



>-^^A+(l-e)ln- 



1 + i?2 1 + i?2 • 

We complete the proof of Proposition [3] by sending e ^ and i? — > oo. 

Now we are ready to prove Theorem [T] Suppose the infimum of /(-jil) is not 
attained, then Proposition [3] says E{Vl) > —1 — 4:TTj{n). Together with Proposition 
[2] we have 

E{n) = -I-47r7(f7). 

Since the infimum of /(•, Bi) is not attained, E{Bi) = — 1 — Att^{Bi) = —1. There- 
fore Lemma [1] implies £'(il) > E{Bi) and equality holds if and only if 17 = Bi. 

If on the other hand, the infimum of is attained by some u G Hq{^). 

Then we have il ^ Bi and 

E{n) = I{u, n) > I{u*,Bi) > E{Bi), 

where m* : _Bi — s- R is the rearrangement of u. This completes the proof of Theorem 

m 
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4. An existence result 



In this section we provide an existence result. Let C be a bounded domain 
with |0| = TT. Suppose Q can be covered by a strip Dd with width d < then 
we will show that the infimum of /(•, fi) can be achieved. 

Without loss of generality, we may assume that Dd — {z \ < Imz < d}. Here 



we have identified C with R . It is easy to see that w 



maps Dd to 



the upper half plane Imz > 0. Therefore for a £ (0, d), the Green's function of Dd 
with pole at ai is 



G(z, ai) 



1 

2^ 



log 



ijd 



^-Kz/d ^OiTTi/d 



and the regular part of the Green's function is given by 



7(z,m) = ^log 



ry-Kz/d pa-Kijd 



Letting z — > ai, we can easily see that 



7(q!z) 



lim 7(z,m) = — log 



1 , 2sin(a7r/d) . 1 , 2d 



TT/d 



< T^log— ■ 

27r TT 



Lemma 9. Suppose zo G ili C VI2, then 7^1(20) < 7^2 (-^o)- 

Proof. Let Gn^ (z, zq) and (-z, -^o) be the Green's functions on fii and ^2 respec- 
tively. Then the lemma follows from applying maximum principle to Gos — Gn^ on 

ni. □ 

Since U, C Dd, we have 
(4.1) 7(f^) = sup7(z, 9) < ^{Dd) = log — . 

z ZTT TT 

Suppose the infimum of /(•, fi) can not be achieved. From Proposition[2]and Propo- 
sition [3] we have 

E{n) = -1-4717(17). 
On the other hand E{VL) < I{0, n) = 0. Hence 7(f7) > It follows from (gH) 

that 

^log(2rfA)>--l, 

or d > Tr/{2y/e), which contradicts with the assumption that d < TT/{2y/e). Hence 
the infimum of /(•, ft) is attained. 
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